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Abstract
In this paper, we study the existence of solutions for a new class of boundary value
problems for nonlinear multi-term fractional diﬀerential inclusions. Our main result
relies on the multi-valued form of Krasnoselskii’s ﬁxed point theorem. An illustrative
example is also presented.
MSC: 34A08; 34A60; 34B10; 34B15
Keywords: fractional diﬀerential inclusion; boundary value problem; existence; ﬁxed
point theorem
1 Introduction and preliminaries
In this paper we study the existence of solutions for the following multi-term fractional
diﬀerential inclusions:
cDαu(t) ∈ F(t,u(t),u′(t),u′′(t), cDqu(t), . . . , cDqku(t))
+G
(
t,u(t),u′(t),u′′(t), cDqu(t), . . . , cDqku(t)
)
(.)
supplemented with boundary conditions
u() = , u′() = –u() – u′(), u′′() = –u′′() – cDpu(), (.)
where cDα , cDqi denote the Caputo fractional derivatives,  < α ≤ ,  < qi ≤ , i =
, , . . . ,k, t ∈ J := [, ],  < p≤ , k ≥ , and F ,G : J ×Rk+ →P(R) are multifunctions.
Many of published papers about fractional diﬀerential equations and inclusions apply
the ﬁxed point theory for proving the existence results. For instance, one can ﬁnd a lot of
papers in this ﬁeld (see [–] and the references therein).
Let α > , n –  < α < n, n = [α] + , and u ∈ C([a,b],R). The Caputo derivative of frac-
tional of order α for the function u is deﬁned by cDαu(t) = 
(n–α)
∫ t
 (t – τ )n–α–u(n)(τ )dτ
(see for more details [, , –]). Also, the Riemann-Liouville fractional order inte-





(t–τ )–α dτ (t > ) whenever the integral
exists [, , –]. In [], it has been proved that the general solution of the fractional
diﬀerential equation cDαu(t) =  is given by u(t) = c + ct + ct + · · · + cn–tn–, where
c, . . . , cn– are real constants and n = [α] + . Also, for each T >  and u ∈ C([,T]) we
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have
IαcDαu(t) = u(t) + c + ct + ct + · · · + cn–tn–,
where c, . . . , cn– are real constants and n = [α] +  [].
Now, we review some deﬁnitions and notations as regards multifunctions [, ].
For a normed space (X,‖ · ‖), let Pcl(X) = {Y ∈ P(X) : Y is closed}, Pb(X) = {Y ∈
P(X) : Y is bounded}, Pcp(X) = {Y ∈ P(X) : Y is compact}, and Pcp,cv(X) = {Y ∈ P(X) :
Y is compact and convex}, Pb,cl,cv(X) = {Y ∈ P(X) : Y is bounded, closed, and convex}.
A multi-valued map G : X → P(X) is convex (closed) valued if G(x) is convex (closed)
for all x ∈ X. The map G is bounded on bounded sets if G(B) = ⋃x∈BG(x) is bounded
in X for all B ∈ Pb(X) (i.e., supx∈B{sup{|y| : y ∈ G(x)}} < ∞). G is called upper semi-
continuous (u.s.c.) on X if for each x ∈ X, the set G(x) is a nonempty closed subset
of X, and if for each open set N of X containing G(x), there exists an open neighbor-
hood N of x such that G(N) ⊆ N . G is said to be completely continuous if G(B) is
relatively compact for every B ∈ Pb(X). If the multi-valued map G is completely contin-
uous with nonempty compact values, then G is u.s.c. if and only if G has a closed graph,
i.e., un → u∗, yn → y∗, yn ∈ G(un) imply y∗ ∈ G(u∗). G has a ﬁxed point if there is x ∈ X
such that x ∈ G(x). The ﬁxed point set of the multi-valued operator G will be denoted by
FixG. A multi-valued map G : J → Pcl(R) is said to be measurable if for every y ∈ R, the
function t → d(y,G(t)) = inf{|y – z| : z ∈G(t)} is measurable.










where d(A,b) = infa∈A d(a;b) and d(a,B) = infb∈B d(a;b). A multi-valued operatorN : X →
Pcl(X) is called contraction if there exists γ ∈ (, ) such thatHd(N(x),N(y))≤ γd(x, y) for
each x, y ∈ X.
We say that F : J ×Rk+ →P(R) is a Carathéodorymultifunction if t → F(t,u, . . . ,uk+)
is measurable for all ui ∈R and (u, . . . ,uk+) → F(t,u, . . . ,uk+) is upper semi-continuous
for almost all t ∈ J [, ]. Also, a Carathéodory multifunction F : J × Rk+ → P(R) is
called L-Carathéodory if for each ρ >  there exists φρ ∈ L(J ,R+) such that
∥




{|s| : s ∈ F(t,u, . . . ,uk+)
} ≤ φρ(t)
for all |u|, . . . , |uk+| ≤ ρ and for almost all t ∈ J [, ].
Deﬁne the set of selections of F and G at u ∈ C(J ,R) by
SF ,u :=
{




v ∈ L(J ,R) : v(t) ∈G
(
t,u(t),u′(t),u′′(t), cDqu(t), . . . , cDqku(t)
)}
for almost all t ∈ J . If F is an arbitrarymultifunction, then it has been proved that SF (u) = ∅
for all u ∈ C(J ,X) if dimX <∞ [].
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The graph of a function F is the set Gr(F) = {(x, y) ∈ X × Y : y ∈ F(x)} []. The graph
Gr(F) of F : X → Pcl(Y ) is said to be a closed subset of X × Y , if for every sequence
{un}n∈N ⊂ X and {yn}n∈N ⊂ Y , when n → ∞, un → u, yn → y, and yn ∈ F(un), then
y ∈ F(u) [].
We will use the following lemmas and theorem in our main result.
Lemma . ([], Proposition .) If F : X → Pcl(Y ) is u.s.c., then Gr(F) is a closed subset
of X × Y . Conversely, if F is completely continuous and has a closed graph, then it is upper
semi-continuous.
Lemma . ([]) Let X be a separable Banach space. Let F : [, ]×Xk+ →Pcp,cv(X) be
an L-Carathéodory function. Then the operator




, x → ( ◦ SF )(x) =(SF ,x)
is a closed graph operator.
Theorem . ([], Krasnoselskii’s ﬁxed point theorem) Let X be a Banach space, Y ∈
Pb,cl,cv(X) and A,B : Y →Pcp,cv(X) two multi-valued operators. If the following conditions
are satisﬁed:
(i) Ay + By⊂ Y for all y ∈ Y ;
(ii) A is a contraction;
(iii) B is u.s.c. and compact,
then there exists y ∈ Y such that y ∈ Ay + By.
2 Main results
Now, we are ready to prove our main result. Let X = {u : u,u′,u′′, cDqiu ∈ C(J ,R), i =





















∣ (i = , . . . ,k)
is a Banach space [].
We need the following auxiliary lemma. See also [, ].








































(α – p) y(s)ds, (.)
and vice versa, where 	 = (–p)(–p)+ = .
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(α) y(s)ds + c + ct + ct
, (.)
















(α – p) y(s)ds + c
t–p
( – p) ( < p≤ ).
































(α – p) y(s)ds.
Substituting the values of c, c, and c in (.) we get (.).
Conversely, applying the operator cDα on (.) and taking into account (.), it follows
that cDαu(t) = y(t). From (.) it is easily to verify that the boundary conditions u() = ,
u′() = –u()–u′(), u′′() = –u′′()– cDpu() are satisﬁed. This establishes the equivalence
between (.) and (.). The proof is completed. 
Deﬁnition . A function u ∈ C([, ],R) is called a solution for the problem (.)-(.)
if it satisﬁes the boundary value conditions u() = , u′() = –u() – u′(), and u′′() =
–u′′() – cDpu(), there exist functions v, v ∈ L(J ,R) such that v(t) ∈ F(t,u(t),u′(t),u′′(t),




































































(α – p) v(s)ds. (.)








(α – ) +
	






(α + ) +
	
(α – ) +
	




(α – ) +
	
(α – p + ) , (.)




(α – qi + )
+ 	
( – qi)(α – )
+ 	
( – qi)(α – p + )
. (.)
Also in the following we use the notation ‖x‖∞ = sup{|x(t)| : t ∈ J}.
Theorem . Suppose that:
(H) F : J × Rk+ → Pcp,c(R) is a multifunction and G : J × Rk+ → Pcp,c(R) is a
Carathéodory multifunction;
(H) there exist continuous functions p,m : J → (,∞) such that t → F(t,w,w,w, z,
. . . , zk) is measurable and
∥
∥F(t,w,w,w, z, . . . , zk)
∥
∥ ≤m(t), ∥∥G(t,w,w,w, z, . . . , zk)
∥
∥ ≤ p(t);
(H) there exists a continuous function h : J → (,∞) such that
Hd
(
F(t,w,w,w, z, . . . , zk),F
(



























for i = , , . . . ,k,where the
j (j = , . . . , ) are deﬁned in (.)-(.), then the inclusion prob-
lem (.)-(.) has at least one solution.










(i = , . . . ,k).
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It is clear that Y is closed, bounded, and convex subset of Banach space X. We deﬁne the
multi-valued operators A,B : Y →P(X) such that for some v ∈ SF ,u,
A(u) =
{
































(α – p) v(s)ds
}
,
and for some v ∈ SG,u,
B(u) =
{
































(α – p) v(s)ds
}
.
In this way, the fractional diﬀerential inclusion (.)-(.) is equivalent to the inclusion
problem u ∈ Au + Bu. We show that the multi-valued operators A and B satisfy the con-
ditions of Theorem . on Y .
First, we show that the operators A and B deﬁne the multi-valued operators A,B : Y →
Pcp,cv(X). First we prove that A is compact-valued on Y . Note that the operator A is equiv-


































(α – p) v(s)ds.
Suppose that u ∈ Y is arbitrary and let {vn} be a sequence in SF ,u. Then, by deﬁnition of
SF ,u, we have vn(t) ∈ F(t,u(t),u′(t),u′′(t), cDqu(t), . . . , cDqku(t)) for almost all t ∈ J . Since
F(t,u(t),u′(t),u′′(t), cDqu(t), . . . , cDqku(t)) is compact for all t ∈ J , there is a convergent
subsequence of {vn(t)} (we denote it by {vn(t)} again) that converges in measure to some
v(t) ∈ SF ,u for almost all t ∈ J . On the other hand, L is continuous, so L(vn)(t) → L(v)(t)
pointwise on J .
In order to show that the convergence is uniform, we have to show that {L(vn)} is an
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+ 	|[(t – t) – (t








+ 	|[(t – t) – (t











{ |tα – tα |
(α + ) +
|t – t|
(α + ) +
|t – t|
(α) +
	|[(t – t) – (t – t )]|
(α – )
+ 	|[(t – t) – (t

 – t )]|
(α – p + )
}
.






{ |tα– – tα– |
(α) +
	|t – t|
(α – ) +
	|t – t|





























 – tα– |
(α – ) ,







{ |tα–qi – tα–qi |












( – qi)(α – p + )
}
.
We see that the right-hand sides of the above inequalities tend to zero as t → t. Thus,
the sequence {L(vn)} is equi-continuous and by using the Arzelá-Ascoli theorem, we see
that there is a uniformly convergent subsequence. So, there is a subsequence of {vn} (we
denote it again by {vn}) such that L(vn) → L(v). Note that L(v) ∈ L(SF ,u). Hence, A(u) =
L(SF ,u) is compact for all u ∈ Y . So A(u) is compact.


































(α – p) fi(s)ds, i = , 
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for almost all t ∈ J . Let ≤ λ ≤ . Then we have
[




















































λf(s) + ( – λ)f(s)
]
ds.
Since F has convex values, SF ,u is convex and λf(s) + ( – λ)f(s) ∈ SF ,u. Thus
λz + ( – λ)z ∈ A(u).
Consequently, A is convex-valued. Similarly, B is compact and convex-valued.
Here, we show that A(u) + B(u) ⊂ Y for all u ∈ Y . Suppose that u ∈ Y and z ∈ A(u),



































































(α – p) v(s)ds
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≤ (‖p‖∞ + ‖m‖∞
)
{ 




(α – ) +
	
(α – p + )
}
.
Hence, supt∈J |z(t) + z(t)| ≤ (‖p‖∞ + ‖m‖∞)
. Also we have
∣∣z′(t) + z′(t)





(α + ) +
	
(α – ) +
	
(α – p + )
}
,
which implies that supt∈J |z′(t) + z′(t)| ≤ (‖p‖∞ + ‖m‖∞)
 and
∣∣z′′ (t) + z′′(t)
∣∣ ≤ (‖p‖∞ + ‖m‖∞
)
{  + 	
(α – ) +
	
(α – p + )
}
from which supt∈J |z′′ (t) + z′′(t)| ≤ (‖p‖∞ + ‖m‖∞)





≤ (‖p‖∞ + ‖m‖∞
){ 
(α – qi + )
+ 	
( – qi)(α – )
+ 	
( – qi)(α – p + )
}
,
and so supt∈J |cDqiz(t) + cDqiz(t)| ≤ (‖p‖∞ + ‖m‖∞)
i, i = , , . . . ,k. Hence, it follows
that









=M, i = , , . . . ,k.
Now, we show that the operator B is compact on Y . To do this, it is enough to prove that
B(Y ) is uniformly bounded and equi-continuous in X. Let z ∈ B(Y ) be arbitrary. For some












































(α – ) +
	








(α + ) +
	
(α – ) +
	





{  + 	
(α – ) +
	






(α – qi + )
+ 	
( – qi)(α – )
+ 	
( – qi)(α – p + )
}




i), i = , . . . ,k.
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Now, we show that B maps Y to equi-continuous subsets of X. Let t, t ∈ J with t < t,
u ∈ Y , and z ∈ B(u). Choose v ∈ SG,u such that z(t) is given by (.). Then we have
∣∣z(t) – z(t)
∣∣ ≤ ‖p‖∞
{ |tα – tα |
(α + ) +
|t – t|
(α + ) +
|t – t|
(α) +
	|[(t – t) – (t – t )]|
(α – )
+ 	|[(t – t) – (t

 – t )]|







{ |tα– – tα– |
(α) +
	|t – t|
(α – ) +
	|t – t|




∣∣ ≤ ‖p‖∞ |t
α–








{ |tα–qi – tα–qi |












( – qi)(α – p + )
}
for each i = , . . . ,k. It is seen that the right-hand sides of the above inequalities tend to
zero as t → t. Hence, by using the Arzelá-Ascoli theorem, B is compact.
Next, we prove that B has a closed graph. Let un ∈ Y and zn ∈ B(un) for all n such that
un → u and zn → z.We show that z ∈ B(u). Associated with zn ∈ B(un) for each n ∈N,

































(α – p) vn(s)ds

































(α – p) v(s)ds.

































(α – p) v(s)ds.



























































∥∥ →  as n→ ∞.
By using Lemma .,  ◦ SG is a closed graph operator. Since zn(t) ∈ (SG,un ) for all n, and

































(α – p) v(s)ds.
Hence, z ∈ B(u). So, it follows thatB has a closed graph and this implies that the operator
B is upper semi-continuous.
Finally, we show that A is a contraction multifunction. Let u,w ∈ X and z ∈ A(w) is

































(α – p) v(s)ds
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for almost all t ∈ J . Consider the multifunction U : J →P(R) by
U(t) =
{
s ∈R : ∣∣v(t) – s
∣

















Since v and ϕ = mg are measurable, U(·) ∩ F(·,u(·),u′(·),u′′(·), cDqu(·), . . . , cDqku(·)) is a
measurable multifunction. Thus, we can choose
v(t) ∈ F
(



















































(α – p) v(s)ds

















































(α – ) +
	
(α – p + )
}
‖u –w‖.









(α + ) +
	
(α – ) +
	




∣z′′ (t) – z′′(t)
∣
∣ ≤ ‖h‖∞
{  + 	
(α – ) +
	









(α – qi + )
+ 	
( – qi)(α – )
+ 	




























for each ≤ i≤ k. So







)‖u –w‖, i = , , . . . ,k.
This implies that Hd(A(u),A(w)) ≤ L‖u – w‖. Thus A and B satisfy all the conditions
of Theorem . and so the inclusion u ∈ A(u) + B(u) has a solution in Y . Therefore the
inclusion problem (.)-(.) has a solution in Y and the proof is completed. 
Finally, we give an example to illustrate the validity of our main result.
Example . Consider the following fractional diﬀerential inclusion:




( + |u(t)|) +
t| sin(u′(t))|





( + | cos(cD  u(t))|)
+
t| sin π t||cD

 u(t)|






( + et)( + |u(t)|) +
| cosπ t||u′(t)|e–t
( + et)( + |u′(t)|) +
e–t|u′′(t)|
( + |u′′(t)|)( + et)
+ e
–t| sin(cD  u(t))|
( + | sin(cD  u(t))|)et( + et)
+ e
–t|cD  u(t)|
(et + et)( + |cD  u(t)|)
]
, (.)
with the following boundary conditions:
u() = , u′() = –u() – u′(), u′′() = –u′′() – cD  u(), (.)
where t ∈ [, ]. In the above inclusion problem, we have α = /, p = /, k = , and q =
q = /. Also, we have 	 = ..
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Now, we deﬁne F : [, ]×R×R×R×R×R→P(R) by




( + |x|) +
t| sin y|
(| sin y| + ) +
.t|z|
|z| + 
+ t| cos v|( + | cos v|) +




and G : [, ]×R×R×R×R×R→P(R) by




( + et)( + |x|) +
| cosπ t||y|e–t
( + et)( + |y|) +
e–tz
( + z)( + et)
+ e
–t| sin v|
( + | sin v|)et( + et) +
e–t|w|
(et + et)( + |w|)
]
.
Then there exist continuous functionsm,p : [, ]→ (,∞) given by
m(t) =  + t , p(t) =
e–t
 + et .
On the other hand, we can easily check that, for every xi, yi, zi, vi,wi ∈R (i = , ),
Hd
(
F(t,x, y, z, v,w) – F(t,x, y, z, v,w)
)
≤ h(t)(|x – x| + |y – y| + |z – z| + |v – v| + |w –w|
)
,
where h : [, ] → (,∞) is deﬁned by h(t) = t . It can easily be found that 
 = .,

 = ., 
 = ., 
 = ., and 






) = .× . = . < . Consequently all as-
sumptions and conditions of Theorem . are satisﬁed. Hence, Theorem . implies that
the fractional diﬀerential inclusion problem (.)-(.) has a solution.
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